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Question: (a) Show that
π∫
0

xf(sinx)dx = π
2

π∫
0

f(sinx)dx

(b) Use part (a) to deduce the formula
π∫
0

x sin x
1+cos2 xdx = π

1∫
0

1
1+x2 dx

Solution: (a) Let I =
π∫
0

xf(sinx)dx =
π∫
0

(π − x)f(sin(π − x))dx =
π∫
0

(π − x)f(sinx)dx

I = π
π∫
0

f(sinx)dx−
π∫
0

xf(sinx)dx = π
π∫
0

f(sinx)dx− I

=⇒ 2I = π
π∫
0

f(sinx)dx

=⇒ I = π
2

π∫
0

f(sinx)dx

(b)
π∫
0

x sin x
1+cos2 xdx =

π∫
0

x sin x
2−sin2 x

dx =
π∫
0

xf(sinx)dx where f(sinx) = sin x
2−sin2 x

= π
2

π∫
0

f(sinx)dx (using (a) )

= π
2 2

π
2∫
0

f(sinx)dx = π

π
2∫
0

sin x
2−sin2 x

= π

π
2∫
0

sin x
1+cos2 xdx

= π

π
2∫
0

sin( π
2−x)

1+cos2( π
2−x)dx = π

π
2∫
0

cos x
1+sin2 x

dx

= π
1∫
0

1
1+t2 dt (put t = sinx, dt = cos xdx)

= π
1∫
0

1
1+x2 dx (changing the dummy variable t to x)
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