
Yahoo Answer dated 31-08-2013

Question: In a ∆ABC if

∣∣∣∣∣∣
1 1 1

1 + sin A 1 + sin B 1 + sin C
sinA + sin2 A sinB + sin2 B sinC + sin2 C

∣∣∣∣∣∣ = 0 then prove that

∆ABC is an isosceles triangle.

Solution:

∣∣∣∣∣∣
1 1 1

1 + sin A 1 + sin B 1 + sin C
sinA + sin2 A sinB + sin2 B sinC + sin2 C

∣∣∣∣∣∣ = 0 implies

∣∣∣∣∣∣
1 1 1

sinA sinB sinC
sin2 A sin2 B sin2 C

∣∣∣∣∣∣ =

0 (using elementary row operations).

Applying elementary column operations, we get

∣∣∣∣∣∣
1 0 0

sinA sinB − sinA sinC − sinA
sin2 A sin2 B − sin2 A sin2 C − sin2 A

∣∣∣∣∣∣ = 0

=⇒ (sinB − sinA)(sinC − sinA)

∣∣∣∣∣∣
1 0 0

sinA 1 1
sin2 A sinB + sinA sinC + sinA

∣∣∣∣∣∣ = 0

=⇒ (sinB − sinA)(sinC − sinA)(sinC − sinB) = 0
=⇒ (sinB − sinA) = 0 or (sinC − sinA) = 0 or (sinC − sinB) = 0
Thus B = A or C = A or C = B.
Hence ∆ABC is an isoceles triangle.
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